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Abstract
In this paper, we study the existence and the asymptotical stability in p-th moment of mild solutions to stochastic partial
differential equations with infinite delays{
dx(t) = [Ax(t)+ f (t, x(t − τ(t)))]dt + g(t, x(t − δ(t)))dW (t), t ≥ 0,
x0(·) = ξ ∈ DbF0([m(0), 0], H)
where t − τ(t), t − δ(t) → ∞ with delays τ(t), δ(t) → ∞ as t → ∞. Our method for investigating the stability of solutions is
based on the fixed point theorem.
c© 2007 Elsevier B.V. All rights reserved.
MSC: primary 93E03; secondary 60H10
Keywords: Mild solution; Stochastic partial differential equation with delays; Asymptotic stability
1. Introduction
The stability theory of stochastic partial differential equations with delays has been considered by many authors
over the last few years. For example, Caraballo [3] extended the results from Haussmann [7] to delay equations of
the same kind; Mao [12] proved the exponential stability in the mean square sense of the strong solutions of linear
stochastic delay equations with finite constant delay; Govindan [6] proved the same results for quasilinear stochastic
equations with delayed random perturbation.
In the case of delay differential equations, in particular when we are concerned with the mild solutions of stochastic
partial differential equations, Lyapunov’s second method, although a powerful technique in proving the stability
theorems, is not so suitable as in the non-delay case. A difficulty is that mild solutions do not have stochastic
differentials, so one cannot apply Itoˆ’s formula to them. Following Ichikawa [8], Liu [9] solved this problem by
introducing approximating systems and then using a limiting argument; Caraballo and Liu [4] have also solved the
problem by using the properties of the stochastic convolution integral to study the exponential stability of the mild
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solutions of semilinear stochastic evolution equations, the former with the Lipschitz nonlinearity and the latter with a
monotone one.
On the other hand, although there exist a lot of papers on the stability for stochastic partial differential equations
with finite delays [10], the research on stochastic partial differential equations with infinite delay is very sparse. In the
present paper, we study the existence and the asymptotical stability in p-th moment of mild solutions of stochastic
partial differential equations with infinite delays. Our method for investigating the stability of solutions is based on
the fixed point theorem.
We mention here that, recently, Burton and co-authors, see the new monograph [2], have applied fixed point theory
to investigate the stability for deterministic systems, which shows that some of the difficulties posed by Lyapunov’s
second method vanish when applying fixed point theory. Very recently, Appleby [1] and Luo [11] have used the fixed
point theory to deal with the stability for stochastic differential equations. More precisely, Appleby [1] studied the
almost sure stability for a classical equation by splitting the stochastic differential equation into two equations, one
being a fixed stochastic problem and the other a deterministic stability problem with forcing function. Luo [11] used
a different method to Appleby [1] to investigate the mean square asymptotical stability by means of fixed point theory
for stochastic delay differential equations, where the conditions do not require the boundedness of delays, nor do they
ask for a fixed sign on the coefficient functions.
The rest of this paper is organized as follows. In Section 2, we introduce the basic notation and the definitions of
stability and asymptotic stability in p-th moment. In Section 3 we give our main results.
2. Preliminaries
Let {Ω ,F ,P} be a complete probability space equipped with some filtration {Ft }t≥0 satisfying the usual conditions,
i.e., the filtration is right continuous and F0 contains all P-null sets. Let H , K be two real separable Hilbert spaces
and we denote by 〈·, ·〉H , 〈·, ·〉K their inner products and by ‖ · ‖H , ‖ · ‖K their vector norms, respectively. We denote
by L(K , H) the set of all linear bounded operators from K into H , equipped with the usual operator norm ‖ ·‖. In this
paper, we always use the same symbol ‖ · ‖ to denote norms of operators regardless of the spaces potentially involved
when no confusion possibly arises.
Let {W (t), t ≥ 0} denote a K -valued {Ft }t≥0-Wiener process defined on {Ω ,F ,P} with covariance operator Q,
i.e.,
E〈W (t), x〉K 〈W (s), y〉K = (t ∧ s)〈Qx, y〉K for all x, y ∈ K ,
where Q is a positive, self-adjoint, trace class operator on K . In particular, we shall call such W (t), t ≥ 0, a K -valued
Q-Wiener process with respect to {Ft }t≥0.
In order to define stochastic integrals with respect to the Q-Wiener process W (t), we introduce the subspace
K0 = Q1/2(K ) of K which, endowed with the inner product
〈u, v〉K0 = 〈Q−1/2u, Q−1/2v〉K ,
is a Hilbert space. Let L02 = L2(K0, H) denote the space of all Hilbert–Schmidt operators from K0 into H . It turns
out to be a separable Hilbert space, equipped with the norm
‖Ψ‖2L02 = tr
(
(ΨQ1/2)(ΨQ1/2)∗
)
for any Ψ ∈ L02.
Clearly, for any bounded operators Ψ ∈ L(K , H), this norm reduces to ‖Ψ‖2L02 = tr(ΨQΨ
∗).
For arbitrarily given T ≥ 0, let J (t, ω), t ∈ [0, T ], be an Ft -adapted, L02-valued process, and we define the
following norm for arbitrary t ∈ [0, T ]:
|J |t =
{
E
∫ t
0
tr
(
(J (s, ω)Q1/2)(J (s, ω)Q1/2)∗
)
ds
} 1
2
.
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In particular, we denote all L02-valued predictable processes J satisfying |J |T <∞ by U2([0, T ]; L02). The stochastic
integral
∫ t
0 J (s, ω)dW (s) ∈ H , t ≥ 0, may be defined for all J (t, ω) ∈ U2([0, T ]; L02) by∫ t
0
J (s, ω)dW (s) = L2 − lim
n→∞
n∑
i=1
∫ t
0
√
λi J (s, ω)eidBis , t ∈ [0, T ],
where W (t) =∑∞i=1√λi Bit ei . Here (λi ≥ 0, i ∈ N) are the eigenvalues of Q and (ei , i ∈ N) are the corresponding
eigenvectors, (Bit , i ∈ N) are independent standard real-valued Brownian motions. The reader is referred to [5] for a
systematic theory concerning stochastic integrals of this kind.
Let τ(t), δ(t) ∈ C(R+,R+) satisfy t − τ(t)→∞, t − δ(t)→∞ as t →∞, and
m(0) = max{inf(s − τ(s), s ≥ 0), inf(s − δ(s), s ≥ 0)}.
We use DbF0([m(0), 0]; H) to denote the family of all almost surely bounded, F0-measurable, continuous random
variables from [m(0), 0] to H . Denote the norm ‖ϕ‖D by
‖ϕ‖D = sup
m(0)≤θ≤0
E‖ϕ(θ)‖H .
Consider the following semilinear stochastic partial differential equation with delays:{
dx(t) = [Ax(t)+ f (t, x(t − τ(t)))]dt + g(t, x(t − δ(t)))dW (t), t ≥ 0,
x0(·) = ξ ∈ DbF0([m(0), 0], H).
(2.1)
The mappings f : R+×H → H, g : R+×H → L(K , H) are all Borel measurable. A is the infinitesimal generator
of a semigroup of bounded linear operators {S(t), t ≥ 0} in H satisfying
‖S(t)‖H ≤ Me−γ t , t ≥ 0 (2.2)
for some constants M ≥ 1 and 0 < γ ∈ R+.
Definition 2.1. A stochastic process {x(t), t ∈ [0, T ]}, 0 ≤ T <∞, is called a mild solution of (2.1) if
(i) x(t) is adapted to Ft , t ≥ 0;
(ii) x(t) ∈ H has ca`dla`g paths on t ∈ [0, T ] almost surely, and for arbitrary 0 ≤ t ≤ T ,
x(t) = S(t)ξ(0)+
∫ t
0
S(t − s) f (s, x(s − τ(s)))ds +
∫ t
0
S(t − s)g(s, x(s − δ(s)))dW (s), (2.3)
and
x0(·) = ξ ∈ DbF0([m(0), 0], H).
Definition 2.2. Let p ≥ 2 be an integer. Eq. (2.3) is said to be stable in p-th moment if for arbitrarily given ε > 0,
there exists a δ > 0 such that ‖ξ‖D < δ guarantees that
E
{
sup
t≥0
‖x(t)‖pH
}
≤ ε. (2.4)
In particular, when p = 2, we say it is mean square stable.
Definition 2.3. Let p ≥ 2 be an integer. Eq. (2.3) is said to be asymptotically stable in p-th moment if it is stable in
p-th moment and for any ξ ∈ DbF0([m(0), 0], H),
lim
T→∞E
{
sup
t≥T
‖x(t)‖pH
}
= 0. (2.5)
In particular, when p = 2, we say it is mean square asymptotically stable.
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In order to set our problem, we always assume that there exists a positive constant C such that
‖ f (t, x)− f (t, y)‖H < C‖x − y‖H , ∀t ≥ 0, x, y ∈ H, (2.6)
‖g(t, x)− g(t, y)‖ ≤ C‖x − y‖H , ∀t ≥ 0, x, y ∈ H. (2.7)
3. Main results
In this section, we will consider the exponential stability in the p-th moment of mild solutions of (2.1) by means
of the fixed point theory. For the purposes of stability, we shall assume that
f (t, 0) ≡ 0 and g(t, 0) ≡ 0 for any t ≥ 0. (3.1)
Then the Eq. (2.1) obviously has a trivial solution when ξ ≡ 0.
First we state the following lemma, which is Lemma 7.7 in [5] (p. 194).
Lemma 3.1. For any r ≥ 1 and for arbitrary L02-valued predictable process Φ(·),
sup
s∈[0,t]
E
∥∥∥∥∫ s
0
Φ(u)dW (u)
∥∥∥∥2r
H
≤ (r(2r − 1))r
(∫ t
0
(E‖Φ(s)‖2rL02)
1/rds
)r
, t ∈ [0, T ]. (3.2)
Theorem 3.1. Let p ≥ 2 be an integer. Suppose that conditions (2.2), (2.6) and (2.7) hold. Then Eq. (2.3) is
asymptotically stable in p-th moment if
1 > 3p−1C pM p
(
γ−p + 2−1−p/2(p(p − 1))p/2γ−p/2
)
. (3.3)
Proof. Denote by S the space of all F0-adapted processes φ(t, ω) : [m(0),∞) × Ω → R, which is almost surely
continuous in t for fixed ω ∈ Ω . Moreover, φ(s, ω) = ξ(s) for s ∈ [m(0), 0] and E‖φ(t, ω)‖pH → 0 as t →∞.
It is then routine to check that S is a Banach space when it is equipped with a norm defined by
‖φ‖S := sup
t≥0
E‖φ(t)‖pH
for each φ ∈ S.
Define an operator Θ : S → S by Θ(x)(t) = ψ(t) for t ∈ [m(0), 0] and for t ≥ 0,
Θ(x)(t) = S(t)ξ(0)+
∫ t
0
S(t − s) f (s, x(s − τ(s)))ds +
∫ t
0
S(t − s)g(s, x(s − δ(s)))dW (s)
:=
3∑
i=1
Ii (t). (3.4)
We first verify the mean square continuity of Θ on [0,∞). Let x ∈ S, t1 ≥ 0, and |r | be sufficiently small; then
E‖Θ(x)(t1 + r)−Θ(x)(t1)‖pH ≤ 3p−1
3∑
i=1
E‖Ii (t1 + r)− Ii (t1)‖pH .
It is easily seen that
E‖Ii (t1 + r)− Ii (t1)‖pH → 0, i = 1, 2,
as r → 0. Further, by using Holder’s inequality and Lemma 3.1, we get
E‖I3(t1 + r)− I3(t1)‖pH ≤ 2p−1E
∥∥∥∥∫ t1
0
(S(t1 + r − s)− S(t1 − s))g(s, x(s − δ(s)))dW (s)
∥∥∥∥p
H
+ 2p−1E
∥∥∥∥∫ t1+r
t1
S(t1 + r − s)g(s, x(s − δ(s)))dW (s)
∥∥∥∥p
H
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≤ 2p−1cp
(∫ t1
0
(
E‖(S(t1 + r − s)− S(t1 − s))g(s, x(s − δ(s)))‖pH
)2/p
ds
)p/2
+ 2p−1cp
(∫ t1+r
t1
(
E‖S(t1 + r − s)g(s, x(s − δ(s)))‖pH
)2/p
ds
)p/2
→ 0 (3.5)
as r → 0, where cp = (p(p − 1)/2)p/2. Thus, Θ is indeed continuous in p-th moment on [0,∞).
Next, we show that Θ(S) ⊂ S. It follows from (3.4) that
E‖Θ(x)(t)‖pH ≤ 3p−1E‖S(t)ξ(0)‖pH + 3p−1E
∥∥∥∥∫ t
0
S(t − s) f (s, x(s − τ(s)))ds
∥∥∥∥p
H
+ 3p−1E
∥∥∥∥∫ t
0
S(t − s)g(s, x(s − δ(s)))dW (s)
∥∥∥∥p
H
. (3.6)
Now we estimate the terms on the right-hand side of (3.6). Firstly, by the condition (2.2), we obtain
3p−1E‖S(t)ξ(0)‖pH ≤ 3p−1M pe−pγ t‖ξ‖pD → 0 as t →∞. (3.7)
Secondly, Holder’s inequality and (2.2) yield
3p−1E
∥∥∥∥∫ t
0
S(t − s) f (s, x(s − τ(s)))
∥∥∥∥p
H
≤ 3p−1E
[∫ t
0
‖S(t − s) f (s, x(s − τ(s)))‖Hds
]p
≤ 3p−1E
[∫ t
0
Me−γ (t−s)‖ f (s, x(s − τ(s)))‖Hds
]p
≤ 3p−1M pC pE
[∫ t
0
e−γ (t−s)‖x(s − τ(s))‖Hds
]p
= 3p−1M pC pE
[∫ t
0
e−(γ (p−1)/p)(t−s)e−(γ /p)(t−s)‖x(s − τ(s))‖Hds
]p
≤ 3p−1M pC p
[∫ t
0
e−γ (t−s)ds
]p−1 ∫ t
0
e−γ (t−s)E‖x(s − τ(s))‖pHds
≤ 3p−1M pC pγ 1−p
∫ t
0
e−γ (t−s)E‖x(s − τ(s))‖pHds. (3.8)
For any x(t) ∈ S and any  > 0, there exists a t1 > 0 such that E‖x(s − τ(s))‖pH <  for t ≥ t1. Thus from (3.8) we
can get
3p−1E
∥∥∥∥∫ t
0
S(t − s) f (s, x(s − τ(s)))ds
∥∥∥∥p
H
≤ 3p−1M pC pγ 1−pe−γ t
∫ t1
0
eγ sE‖x(s − τ(s))‖pHds
+ 3p−1M pC pγ 1−pe−γ t
∫ t
t1
eγ sE‖x(s − τ(s))‖pHds
≤ 3p−1M pC pγ 1−pe−γ t
∫ t1
0
eγ sE‖x(s − τ(s))‖pHds + 3p−1M pC pγ−p. (3.9)
As e−γ t → 0 as t →∞ and by condition (3.3), there exists t2 ≥ t1 such that for any t ≥ t2, we have
3p−1M pC pγ 1−pe−γ t
∫ t1
0
eγ sE‖x(s − τ(s))‖pHds ≤  − 3p−1M pC pγ−p. (3.10)
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So from the above and (3.9), we obtain for any t ≥ t2
3p−1E
∥∥∥∥∫ t
0
S(t − s) f (s, x(s − τ(s)))ds
∥∥∥∥p
H
< .
That is to say,
3p−1E
∥∥∥∥∫ t
0
S(t − s) f (s, x(s − τ(s)))ds
∥∥∥∥p
H
→ 0 as t →∞. (3.11)
As for the third term on the right-hand side of (3.6), for any x(t) ∈ S, t ∈ [m(0),∞), we have
3p−1E
∥∥∥∥∫ t
0
S(t − s)g(s, x(s − δ(s)))dW (s)
∥∥∥∥p
H
≤ 3p−1(p(p − 1)/2)p/2M p
{∫ t
0
(e−γ p(t−s)E‖g(s, x(s − δ(s)))‖pH )2/pds
}p/2
≤ 3p−1(p(p − 1)/2)p/2M pC p
{∫ t
0
(e−γ p(t−s)E‖x(s − δ(s))‖pH )2/pds
}p/2
= 3p−1(p(p − 1)/2)p/2M pC p
{∫ t
0
e−2γ (t−s)(E‖x(s − δ(s))‖pH )2/pds
}p/2
. (3.12)
For any x(t) ∈ S and any  > 0, there exists a t1 > 0 such that E‖x(s − δ(s))‖pH <  for t ≥ t1. Thus from (3.12) we
can get
3p−1E
∥∥∥∥∫ t
0
S(t − s)g(s, x(s − δ(s)))dW (s)
∥∥∥∥p
H
≤ 3p−1(p(p − 1)/2)p/2M pC p ×
{∫ t1
0
e−2γ (t−s)(E‖x(s − δ(s))‖pH )2/pds
+
∫ t
t1
e−2γ (t−s)(E‖x(s − δ(s))‖pH )2/pds
}p/2
≤ 3p−1(p(p − 1)/2)p/2M pC p2−1+p/2
(∫ t1
0
e−2γ (t−s)(E‖x(s − δ(s))‖pH )2/pds
)p/2
+ 3p−1(p(p − 1)/2)p/2M pC p2−1+p/2
(∫ t
t1
e−2γ (t−s)(E‖x(s − δ(s))‖pH )2/pds
)p/2
. (3.13)
As e−pγ t → 0 as t →∞ and condition (3.3), there exists t2 ≥ t1 such that for any t ≥ t2, we have
3p−1(p(p − 1)/2)p/2M pC p2−1+p/2
(∫ t1
0
e−2γ (t−s)(E‖x(s − δ(s))‖pH )2/pds
)p/2
≤  − 3p−1(p(p − 1)/2)p/2M pC p2−1+p/2(2γ )−p/2. (3.14)
So from the above and (3.13), we obtain for any t ≥ t2
3p−1E
∥∥∥∥∫ t
0
S(t − s)g(s, x(s − δ(s)))dW (s)
∥∥∥∥p
H
< .
That is to say,
3p−1E
∥∥∥∥∫ t
0
S(t − s)g(s, x(s − δ(s)))dW (s)
∥∥∥∥p
H
→ 0 as t →∞. (3.15)
Thus, from (3.6), (3.7), (3.11) and (3.15), we know that E‖Θ(x)(t)‖pH → 0 as t → ∞. So we conclude that
Θ(S) ⊂ S.
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Thirdly, we will show that Θ is contractive. For x, y ∈ S, proceeding as we did previously, we can obtain
sup
s∈[0,T ]
E‖Θ(x)(t)−Θ(y)(t)‖pH
≤ 2p−1 sup
s∈[0,T ]
E
∥∥∥∥∫ t
0
S(t − s)( f (s, x(s − τ(s)))− f (s, y(s − τ(s))))ds
∥∥∥∥p
H
+ 2p−1 sup
s∈[0,T ]
E
∥∥∥∥∫ t
0
S(t − s)(g(s, x(s − δ(s)))− g(s, y(s − δ(s))))dW (s)
∥∥∥∥p
H
≤ 2p−1M pC pγ−p
(
sup
s∈[0,T ]
E‖x(t)− y(t)‖pH
)
+ 2p−1(p(p − 1)/2)p/2M pC p(2γ )−p/2
(
sup
s∈[0,T ]
E‖x(t)− y(t)‖pH
)
. (3.16)
Thus by (3.3) we know that Θ is a contraction mapping.
Hence by the Banach fixed point theorem, Θ has a unique fixed point x(t) in S, which is a solution of (2.3) with
x(s) = ξ(s) on [m(0), 0] and E‖x(t)‖pH → 0 as t →∞.
To obtain the asymptotic stability in p-th moment, we need to show that the mild solution of (2.3) is stable in p-th
moment. Let ε > 0 be given and choose δ > 0 (δ < ε) satisfying
3p−1M pδ + 3p−1C pM p
(
γ−p + 2−1−p/2(p(p − 1))p/2γ−p/2
)
ε < ε.
If x(t) = x(t, 0, ξ) is a mild solution of (2.1) with ‖ξ‖pD < δ, then x(t) = Θ(x)(t) defined in (2.3). We claim
that E‖x(t)‖pH < ε for all t ≥ 0. Notice that E‖x(t)‖pH < ε on t ∈ [m(0), 0]. If there exists t∗ > 0 such that
E‖x(t∗)‖pH = ε and E‖x(s)‖pH < ε for m(0) ≤ s < t∗, then it follows from (3.6) that
E‖x(t∗)‖pH ≤ 3p−1M pδe−pγ t
∗ + 3p−1C pM p (γ−p + 2−1−p/2(p(p − 1))p/2γ−p/2) ε < ε (3.17)
which contradicts the definition of t∗. This shows that the mild solution of (2.3) is asymptotic stable in p-th moment
if condition (3.3) holds. The proof is completed. 
In particular, when p = 2, from Theorem 3.1 we have
Theorem 3.2. Suppose that conditions (2.2), (2.6) and (2.7) hold. Then Eq. (2.3) is mean square asymptotically stable
if
γ > 3C2M2(1/γ + 1/2). (3.18)
Remark 3.1. Taniguchi [13] considered a class of stochastic evolution equations without delay, i.e., τ(t) ≡ 0, δ(t) ≡
0 in (2.1), and showed that the trivial solution is exponentially stable in the mean square and almost sure sense provided
γ > 3C2M2(1/γ + 1).
By Theorem 3.2, we have shown that the trivial solution is mean square asymptotically stable if
γ > 3C2M2(1/γ + 1/2)
no matter whether the delays δ(t) and ρ(t) are finite or infinite.
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